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Abstract
The gauge dependence in the anomalous dimension of the gauge-invariant-canonical-energy-
momentum tensor for proton is studied by the background field method. The naive calculation
shows the problem, the absence of the counter term in the gluonic sectors. The analysis shows that
the result [Chen et al., Phys. Rev. Lett. 103, 062001 (2009)] is derived from the background field
method after we introduced a trick to avoid the problem except for the gluon-to-gluon sector; it
is gauge dependent. The possible reason of this gauge-dependent result comes from the nontrivial
treatment of the condition Fµνpure = 0 at a higher order. This result shows that one needs a further
improvement in treating this condition with a covariant way at a higher order by the background
field method. In particular, we have to focus on two checkpoints, the gauge independence and zero
eigenvalue in the anomalous-dimension matrix, in order to test the validity of the gauge-invariant-
canonical-energy-momentum tensor.
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I. INTRODUCTION
Attempts to understand the proton spin in terms of quarks and gluons in quantum
chromodynamics (QCD) have discussed for long time. The European Muon Collaboration
(EMC) in 1987 showed that one cannot explain the proton spin only by quarks in the
proton [1, 2]. The experiment implied that one should consider the effects not only from the
constituent-quark spin, but also from sea quarks, gluons, and corrections at a higher order
(see reviews for the spin problem and related topics in Refs. [3–10] and reference therein).
After the experiment, this topic is often called “spin crisis” or “spin puzzle” and this is one
of challenging problems in QCD even now.
In the point of view of the quantum field theory, one expects that one will be able
to define the operator definition of the contribution from the quark (gluon) spin and quark
(gluon)-orbital-angular-momentum (OAM) operator in a gauge-invariant way. Although the
expectation value for an operator with a state is more important than the operator itself, a
couple of decompositions for the total-angular-momentum operator of quarks and gluons in
QCD are proposed. In addition to the spin decomposition, the energy-momentum tensor is
closely related to the OAM tensor in the quantum field theory and hence the decomposition
of the energy-momentum tensor is sometimes discussed in the context of the spin puzzle.
The canonical-energy-momentum tensor in QCD through Noether’s theorem does not give
a gauge-invariant definition, on the other hand, Belinfante’s definition [11] is known as the
gauge-invariant expression by adding a surface term to the canonical definition; of course,
the surface term does not change the conservation law.
The canonical-energy-momentum tensor derived from Noether’s theorem leads to so-
called Jaffe-Manohar decomposition [12] and it perfectly separetes the total contribution
into the sum of four terms; quark-spin, quark-OAM, gluon-spin, and gluon-OAM with a
gauge-variant way. On the other hand, Belinfante decomposition separetes the quark part
from the gluon part in a gauge-invariant way, however, each term is not separeted into the
spin and OAM term. The author in Ref. [13] considered the further decomposition of the
quark sector and it separates the total-quark-angular-momentum term into the sum of the
quark-spin and quark-OAM term, and the gluon term is not separated anymore.
In 2008, a new type of gauge-invariant expression for the angumar-momentum and mo-
mentum operator was proposed by Chen et al. in Ref. [14] by using split fields for the
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gluon filed. This result was applied to the anomalous dimension appeared in the rernor-
malization group equation (RGE) of the energy-momentum tensor for quarks and gluons
[15]. This application gives that the momentum fraction carried by gluons in a nucleon at
high energies is about one-fifth and this value contradicts to the well-known value, about
half, derived by the standard QCD in Ref. [16]. The papers by Chen et al. caused in-
tensive debates and a lot of questions. For example, the uniquness of the decomposition,
the dependence of Lorentz frame, nonlocarity, and gauge invariance and so on (see recent
reviews [17, 18] on these debates). Currently two different decompositions are known as the
gauge invariant expressions, namely, the gauge-invariant-canonical (gic) decomposition and
gauge-invariant-kinetic (gik) decomposition. After the paper by Chen et al. appeared, the
author in Ref. [19] extended the original decomposition by Chen et al. to the covariant form
in the four dimension, since the original one was the three dimensional one and hence it is
not covariant under Lorentz transformation. The gauge transformations to each split field
are same with those to the background field and the quantum field in the background field
method (BFM).
The BFM is an alternative way to quantize a field theory and it gives the consistent results
with those derived by the standard quantization. Originally the BFM was introduced by
DeWitt for the gravity theory [20] and applied to gauge theories [21–24]. In the BFM , one
adds the background-gauge-fixing term to the classical Yang-Mills Lagrangian to quantize
the theory; this gauge-fixing term is different from the standard one. The BFM splits
the gauge field into two pieces, namely, the background (alternatively classical or external)
field and the quantum field. The original gauge transformation to the total gauge-field is
separated into two transformations. This separation of the gauge transformation is not
unique and hence a useful one is chosen. Typically we use the gauge transformations so that
the background field transforms like the standard gauge-transformation and the quantum
field transforms like the simple rotation in the space of the gauge group. The quantum field
is integrated out from the theory in the sense of the path integral and the effective theory
after this integration is described by the background field.
One of the advantages of the BFM is the the manifest gauge-invariance of the theory
by using the gauge transformation for the background field. The BFM greatly simplifies
loop calculations and typically it is used to calculate the beta function of a given theory.
For example, see Ref. [25] and the textbook [26] for calculating the beta function of the
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non-Abelian gauge theory by using two-different ways, respectively; and see the paper [27]
for the relations among the BFM and (anti)BRST symmetry [28], the effective action, and
Ward identity. The similarities between the gauge transformations for split gauge fields
were discussed in Refs. [29, 30] in terms of a path dependence of Wilison line and Noether’s
current under the presense of the background gauge field and in Ref. [31] in the context
of gluon helicity and a little group in the Lorentz group. Acutally the author in Ref. [32]
evaluated the anomalous dimension of the gic-energy-momentum tensor again and concluded
that the results was same with the result in Ref. [16]. However the author calculated it by
own method [33]. On the other hand, the authors in Ref. [15] adopted the Coulomb gauge.
Hence, an analysis based on the BFM with a covariant way at the one-loop order was not
carried out.
In Ref. [34], we studied the one-loop corrections to the anomalous dimensions based on
the BFM, because the gic decomposition includes split gauge-fields obeying the same gauge-
transformation laws for the background and quantum field in the BFM. The results show
that the application of the BFM correctly reproduces two results in the quark sectors of
Chen et al.’s anomalous-dimension matrix; however, the results in gluonic sectors show the
inconsistency in the renormalization for the gluon field in the BFM. Then we considered
a trick to overcome this inconsistency and the method led two results: 1) the third result
of Chen et al.’s anomalous dimensions is recovered, 2) on the other hand, the fourth result
does not coincide with Chen et al.’s result. Even worse, the gauge dependence dose not
cancels in the result. These results seem to show that the application of the BFM to this
problem (at least quark sectors) works well, however, the treatment of the gluonic sector is
not perfect. Motivated by our observations, in this paper, we focus on the evaluation of the
anomalous dimensions by the BFM, in particular, we compare the anomalous dimensions
derived from the Belinfante-improved-energy-momentum tensor by the BFM with those
derived from the gic-energy-momentum tensor by the BFM. The analysis in this paper shows
that the possible origin of the inconsistency and the imperfect result are from the condition
F µνpure = 0. In addition, we point out two checkpoints to test the gic decomposition of the
energy-momentum tensor; namely, the gauge independence in the gluon-to-gluon sector and
the zero eigenvalue in the anomalous-dimension matrix.
The RGE for the energy-momentum tensor in QCD is briefly reviewed in Sec. II. In
particular, the gauge cancellation of the Feynman diagrams and the asymptotic behavior of
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the momentum fraction carried by gluons in a nucleon at high energies are focused. The
same results of the anomalous dimension can be obtained by the BFM in QCD. The gauge
cancellation in the Feynman diagrams by the BFM is discussed in Sec. III. Our analysis of
the anomalous dimension based on the gic-energy-momentum tensor by the BFM is showed
in Sec. IV to discuss how Chen et al.’s results in the quark sector of the anomalous dimension
are derived by the BFM and how gluonic sectors lead to the problems. We consider a trick to
overcome these problems in the gluonic sectors. In particular, the detail of comparison of our
results with the literature is discussed and two checkpoints for testing the gic decomposition
of the energy-momentum tensor are pointed out in Sec. V. Last, Sec. VI is devoted to the
conclusion of this paper and to show a future perspective.
II. SHORT REVIEW OF THE RGE OF THE ENERGY-MOMENTUM TENSOR
IN QCD
The asymptotic limit of the momentum fraction carried by gluons in a nucleon at high
energies can be predicted by the standard QCD [16]. In this section, we briefly review two
topics: 1) how the gauge dependence is canceled and 2) how the asymptotic limit is derived.
1. Gauge cancellations in the operator renormalization
We begin with the definition of Belinfante-improved-energy-momentum tensor:
T µνBel = T
µν
Bel,q + T
µν
Bel,g,
T µνBel,q =
1
2
ψ¯γ{µiDν}ψ, T µνBel,g = −Tr
(
F {µαF ν}α
)
, (1)
where the symbol a{µbν} = aµbν+aνbµ is the symmetrization symbol and the terms including
gµν are ignored since that do not contribute to the three-dimensional-momentum operator of
the quark and gluon. The related Feynman-rules for these operators can be easily derived.
For example, the Feynman rules for the quark-quark vertex with a momentum p, V µνqq (p),
and for the quark-quark-gluon interaction with the gluon of the Lorentz index ρ and the
color a, V a;ρ;µνqqg , are given by
V µνqq (p) =
1
2
γ{µpν}, V a;ρ;µνqqg =
g
2
taγ{µgρν}. (2)
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The Feynman rule for the vertex Aaα(p)Abβ(−p), V ab;αβ;µνgg (p), is given by
V ab;αβ;µνgg (p) = δ
ab
[
p{µpαgβν} + p{µpβgαν} − p{µpν}gαβ − p2g{µαgβν}
]
, (3)
and the Feynman rule for the Aaα(p1)A
bβ(p2)A
cγ(p3) vertex, V
abc;αβ;µν
gg (p), is given by
V abc;αβγ;µνggg (p1, p2, p3) = igf
abc
[
gγ{µgβα(p2 − p1)
ν} + gβ{µgαγ(p1 − p3)
ν} + gα{µgγβ(p3 − p2)
ν}
+gβ{µgαν}(p2 − p1)
γ + gα{µgγν}(p1 − p3)
β + gγ{µgβν}(p3 − p2)
α
]
,
(4)
where all momentum is incoming.
To evaluate the anomalous dimension for the energy-momentum tensor in Eq. (1) by the
standard QCD, we have to extract divergences of the Feynman diagrams in Fig. 1(a), (b), (c),
and (d). Basically we focus on the one-particle-irreducible part of the diagrams without
external lines; however the external lines are assumed to combine with the one-particle-
irreducible part. The renormalization constants for the energy-momentum tensor evaluated
(a) (b)
(c) (d)
FIG. 1. One-loop diagrams contributing to the anomalous dimension of the energy-momentum
tensor for quarks and gluons in the standard QCD: (a) ZQCDqq (γ
QCD
qq ), (b) Z
QCD
gq (γ
QCD
qg ),
(c) ZQCDqg (γ
QCD
gq ), and (d) Z
QCD
gg (γ
QCD
gg ). The contributions from the field renormalization should
be added to (a) and (d). The symmetric factors to the second and third graph for (d) are 1/2.
by the dimensional regularization with the dimension D = 4−2ǫ [35] and with the modified-
minimal-subtraction (MS) scheme [36] for the related diagrams are given in:
ZQCDqq = 1 +
g2
(4π)2
(
8
3
CF
)
1
ǫ¯
, ZQCDgq =
g2
(4π)2
(
−
4
3
TR
)
1
ǫ¯
,
ZQCDqg =
g2
(4π)2
(
−
8
3
CF
)
1
ǫ¯
, ZQCDgg = 1 +
g2
(4π)2
(
4
3
TR
)
1
ǫ¯
, (5)
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with the notation 1/ǫ¯ = 1/ǫ− γE + ln(4π), CF = (N
2
c − 1)/(2Nc), and TR = 1/2 for SU(Nc)
gauge group. In the point of view of the cancellation of the gauge parameter ξ in the
standard-covariant-gauge-fixing procedure, the gauge dependence in ZQCDqg vanishes in the
own diagram and ZQCDgq has no gauge dependence due to the absence of gluon propagators, on
the other hand, the gauge dependence in ZQCDqq , Z
QCD
gg cancels between the related diagrams
and the field renormalization constants for the quark and gluon respectively:
ZQCD2 = 1−
g2
(4π)2
CF
ξ
ǫ¯
, ZQCD3 = 1 +
g2
(4π)2
[(
13
6
−
ξ
2
)
CG −
4
3
nfTR
]
1
ǫ¯
, (6)
with the definition of the group factors CG = Nc, a number of quark flavor, nf . We set
nf = 1 in computing Z
QCD
ij in Eq. (5). The diagrams in Fig. 1(d) are proportional to the
group factor CG, however, the final result of γ
QCD
gg is proportional to TR. This is because of
the cancellation of CG between the related diagrams and the same contribution from Z
QCD
3
and hence only the fermionic contribution of TR remains in the final result.
By using the operator renormalization, TR,µνi = Z
QCD
ij T
B,µν
j , for the bare (renormalized)
operator T
B(R),µν
i=q,g , we can derive the following RGE:
d
d lnµ

 TR,µνq (µ)
TR,µνg (µ)

 = −γQCD(µ)

 TR,µνq (µ)
TR,µνg (µ)

 , (7)
where the γQCD(µ) is the anomalous-dimension matrix in the standard QCD. The matrix
element γij is obtained through Zij by the definition γij ≡ Zjk (dZ
−1/d lnµ)ki and then the
result is given in
γQCD(µ) ≡
αs(µ)
4π

 A −B
−A B

 , (8)
with A = 16CF/3, B = 8TR/3. Note that our γij is transposed to the results in Ref. [16].
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2. Asymptotic limit for momentum fraction carried by gluons
If there are nf -flavor quarks, the RGE and anomalous dimension are extended to the
following (nf + 1)× (nf + 1) matrix:
d
d lnµ


TR,µνq1 (µ)
TR,µνq2 (µ)
...
TR,µνqnf
(µ)
TR,µνg (µ)


= −
αs(µ)
4π


A 0 · · · 0 −B
0 A · · · 0 −B
...
...
. . .
...
...
0 0 · · · A −B
−A −A · · · −A nfB




TR,µνq1 (µ)
TR,µνq2 (µ)
...
TR,µνqnf
(µ)
TR,µνg (µ)


, (9)
where the nf dependence in the above equation comes from the flavor dependence in the
field renormalization ZQCD3 for the gluon field and there is no mixing among different flavors
at this order in QCD. We can solve Eq. (9) by introducing the singlet (S) and nonsinglet
(NS) bases with a certain initial condition. These bases are defined by
TR,µνS (µ) ≡
nf∑
i=1
TR,µνqi (µ), T
R,µν
NS (µ) ≡ T
R,µν
qi
(µ)−
1
nf
nf∑
i=1
TR,µνqi (µ), (10)
then the RGE is reduced the to the simpler form:
d
d lnµ

 T
R,µν
S (µ)
TR,µνg (µ)

 = −αs(µ)
4π

 A −nfB
−A nfB



 T
R,µν
S (µ)
TR,µνg (µ)

 ,
d
d lnµ
TR,µνNS (µ) = −
αs(µ)
4π
ATR,µνNS (µ). (11)
The solution to the above matrix-equation can be evaluated by the diagonalization and one
can obtain the asymptotic limit by taking µ→∞ in the solution. The asymptotic limit to
the solutions for the singlet and gluon are reduced to the forms:
lim
µ→∞
TR,µνS (µ) =
nfB
A+ nfB
TR,µνtot + · · · limµ→∞T
R,µν
g (µ) =
A
A+ nfB
TR,µνtot + · · · , (12)
where the terms described by “· · ·” correspond to the power-suppressed terms when µ→∞,
the nonsinglet solution is also suppressed by a power in this limit, and TR,µνtot = T
R,µν
S (µ) +
TR,µνg (µ) is the total-energy-momentum tensor. As we have already mentioned earlier, the
standard QCD gives that the momentum fraction carried by gluons in a nucleon at high
energies is A/(A+nfB); it is reduced to 16/(16+3nf) and gives the value about 1/2 for nf =
5. It is worth noting that the total energy-momentum-tensor TR,µνtot is scale (µ) independent
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as expected from the conservation law of the energy-momentum and the solutions of the
RGE at the one-loop order explicitly show this desired property.
The anomalous-dimension matrix, equivalently, the divergences in Fig. 1 are responsible
for the momentum fraction carried by gluon in the nucleon. Although this matrix describes
the mixing between the singlet and gluon sectors, the singlet sector is simply called the
quark sector in the literature and hence we call it the quark sector in this paper. Effectively,
we can evaluate the gluonic matrix-elements from the Feynman diagrams including a single
quark by multiplying nf factor. To compare our results with the literature, we redefine the
anomalous dimension by the following notation:
γ(µ) ≡ −
αs(µ)
4π

 γqq γqg
γgq γgg

 , (13)
where the overall sign and the loop factor αs(µ)/(4π) are factored out from the definition
of γij. In this notation, the standard QCD results are
 γQCDqq γQCDqg
γQCDgq γ
QCD
gg

 =

 −
8ng
9
4
3
nf
8ng
9
−4
3
nf

 , (14)
where ng = 8 is the number of gluons and nf is a number of quark flavors. On the other
hand, Chen et al.’s results are
 γChenqq γChenqg
γChengq γ
Chen
gg

 =

 −
2ng
9
4
3
nf
2ng
9
−4
3
nf

 , (15)
where the differences between γQCDij and γ
Chen
ij come from the quark sectors {γqq, γgq}, that
is, γQCDqq(gq) = 4γ
Chen
qq(gq).
III. ANOMALOUS DIMENSIONOF BELINFANTE-ENERGY-MOMENTUMTEN-
SOR BY THE BFM
We discuss how the standard results of γQCDij are derived by the BFM in this section.
The BFM for the anomalous dimension was studied in Ref. [37]. We consider the massless-
quark QCD by the background field method with the background gauge fixing term and
corresponding ghost term:
L = Lcl + Lgf+gh,
9
Lcl = ψ¯iD/ψ −
1
2
Tr (FµνF
µν) ,
Lgf+gh = −
1
ξ
Tr
[(
DµbgA
qt
µ
)2]
− 2Tr
(
c¯DµbgDµc
)
, (16)
where the gauge field in the field strength F µν = ∂µAν − ∂νAµ − ig[Aµ, Aν ] is supposed
to be decomposed to the form Aµ = Aµbg + A
µ
qt, D
µ
(bg) = ∂
µ − ig[Aµ(bg), ] is the covariant
derivative with the total(background)-gauge field, ξ is the gauge parameter, and (c¯)c is the
(anti)ghost field. Although we wrote the gauge-fixing and ghost terms, the ghost term is
not directly relevant to the operator mixing discussed now and is only related to the field
renormalization of the gluon field by the BFM.
This BFM leads to the relevant interactions, ψ¯Aqtψ and AqtAqtAbg. First, the Feynman
rule of the Aaαbg (p1)A
bβ
qt (p2)A
cγ
qt(p3) vertex from the Lagrangian is given by [25]:
V abc;αβγBFM,ggg(p1, p2, p3) = −gf
abc

 gγβ(p3 − p2)α + gγα
(
p1 − p3 −
1
ξ
p2
)β
+ gαβ
(
p2 − p1 +
1
ξ
p3
)γ ,
(17)
where all momentum is incoming and the Feynman rule of ψ¯Aqtψ is the same with the
standard one.
We use the same Belinfante-improved-energy-momentum tensor in Eq. (1) by the BFM.
Next, we have to consider the modifications of the related rules in the BFM, because
two gauge-fields appeared in the BFM change Feynman rules. The Feynman rule for the
Aaαqt (p)A
bβ
qt (−p) vertex from the energy-momentum tensor is same with the Feynman rule for
the standard one, namely,
V ab;αβ;µνBFM,gg (p) = V
ab;αβ;µν
gg (p). (18)
The Feynman rule for the Aaαqt (p1)A
bβ
qt (p2)A
cγ
bg(p3) vertex from the energy-momentum tensor
with momenta (p1, p2, p3), colors (a, b, c), and Lorentz indexes (α, β, γ), V
abc;αβ;µν
BFM,ggg (p1, p2, p3),
is given by
V abc;αβγ;µνBFM,ggg (p1, p2, p3) = igf
abc
[
p
{µ
3 g
γβgαν} − p
{µ
3 g
γαgβν} + pα3 g
γ{µgβν} − pβ3g
γ{µgαν}
+p
{µ
2 g
γν}gαβ − p
{µ
1 g
γν}gαβ + pγ2g
β{µgαν} − pγ1g
α{µgβν}
]
,(19)
where the all momentum is incoming. To evaluate the anomalous dimension for the energy-
momentum tensor in Eq. (1) by the BFM, we have to extract divergences of the Feynman
diagrams in Fig. 2(a), (b), (c), and (d). We can obtain the same results with the standard
10
Aqt
Aqt Aqt
Abg Abg AbgAbg
(a) (b)
Aqt Aqt
Abg Abg
Aqt
Aqt Aqt
Aqt
Aqt
Abg Abg Abg Abg
Aqt
Aqt
(c) (d)
FIG. 2. One-loop diagrams contributing to the anomalous dimension of the energy-momentum
tensor for quarks and gluons in the BFM: (a) ZBFMqq (γ
BFM
qq ), (b) Z
BFM
gq (γ
BFM
qg ), (c) Z
BFM
qg (γ
BFM
gq ),
and (d) ZBFMgg (γ
BFM
gg ). The contributions from the field renormalization should be added to (a)
and (d).
QCD for the renormalization factors ZQCDij , as expected. For example, we can easily un-
derstand that the BFM derives the same results for Fig. 2(a), (b), (c), because the BFM
does not change related Feynman rules. However, the loop structure of Fig. 2(d) is different
from that of the standard one; in particular, the cancellation of the gauge parameter by
the BFM is different from that by the standard QCD. The rernomalization factor for the
background gluon field, ZBFM3 , is different from Z
QCD
3 , because the BFM leads to the relation
Zg
√
ZBFM3 = 1 between Z
BFM
3 and the rernomalization constant for the gauge coupling, Zg
[25]. Hence the following relation holds at the one-loop order,
ZBFM3 = 1 +
g2
(4π)2
1
ǫ¯
β0, β0 =
11
3
CG −
4
3
nfTR, (20)
where this relation correctly reproduces the well-known QCD beta-function, β(g) = −β0g
3/(4π)2
[38].
The above relation of ZBFM3 implies that the gauge dependence must cancels among three
diagrams in Fig. 2(d), because there is no gauge dependence in ZBFM3 . Furthermore, the
symmetric factors to the second and third diagrams in Fig. 2(d) can be different from the
value, 1/2, in the standard QCD, because the contraction structure of quantum fields in the
BFM is different from that in the standard QCD. Let the symmetric factor be k and then
11
the divergence of Fig. 2(d) can be evaluated by PACKAGE-X [39] in the following form:
div. of Fig.2(d) = −
g2
(4π)2
CG
3
[(4k − 3) ξ + 20k − 4]
1
ǫ¯
V ab;αβ;µνBFM,gg (p), (21)
where ξ is the gauge parameter and V ab;αβ;µνBFM,gg (p) is the LO tensor structure coming from the
AbgAbg interaction. We can easily show that the factor k = 3/4 not only cancels the gauge
dependence, but also reproduces the ZQCDgg in the standard QCD by taking into account the
renormalization constant for the gluon field, ZBFM3 . This cancellation is nontrivial, because
the gauge dependence in the BFM is more complicated than the standard one; the gauge
dependencies in the BFM appear in the three-gluon vertex of AqtAqtAbg and in the gluon
propagators.
Finally, we obtain the expected results,
ZBFMqq = Z
QCD
qq , Z
BFM
gq = Z
QCD
gq ,
ZBFMqg = Z
QCD
qg , Z
BFM
gg = Z
QCD
gg , (22)
and therefore the BFM reproduces the result, γBFMij = γ
QCD
ij .
IV. ANOMALOUS DIMENSIONS OF THE GAUGE-INVARIANT-CANONICAL-
ENERGY-MOMENTUM TENSOR BY THE BFM
We consider the anomalous dimensions of the gic-energy-momentum tensor in this section.
First, we naively apply the BFM to the gic-energy-momentum and see how the results of
the quark sectors in Chen et al.’s results are derived by this method and how we encounter
the problem of the renormalization in the gluonic sectors [34]. Next, we discuss an adhoc
method to avoid this problem.
A. Naive application of the BFM to the gic decomposition
We begin with the gic-energy-momentum tensor, T µνgic , in Ref. [32]:
T µνgic = T
µν
gic,q + T
µν
gic,g,
T µνgic,q =
1
2
ψ¯γ{µiDν}pureψ, T
µν
gic,g = −Tr
(
F {µαDν}pureA
phys
α
)
, (23)
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where this gic-definition is related to the Belinfante-improved-energy-momentum tensor T µνBel
through the surface term,
T µνgic = T
µν
Bel − ∂αTr
(
F {µαA
ν}
phys
)
, (24)
alternatively, each term of the gic-definition is related to those of the Belinfante-definition
as:
T µνgic,q = T
µν
Bel,q −
g
2
ψ¯γ{µA
ν}
physψ,
T µνgic,g = T
µν
Bel,g − Tr
[
F {µαDαA
ν}
phys
]
, (25)
where both second terms in the above equations are rewritten from the contribution from
the surface term by the equation of the motion for the gluon field.
We can derive the modified Feynman-rules to calculate the anomalous dimension based
on the gic-energy-momentum tensor. The Feynman rule for Aaαphys(p)A
bβ
phys(−p) vertex with
a momentum p, the colors (a, b), and the Lorentz indexes (α, β), V ab;αβ;µνgic,gg (p) is given by
V ab;αβ;µνgic,gg (p) =
δab
2
[
−2gαβp{µpν} + gα{µpν}pβ + gβ{µpν}pα
]
, (26)
and the Feynman rule for Aaαphys(p1)A
bβ
phys(p2)A
cγ
pure(p3) vertex from the energy-momentum
tensor with a momentum p, the colors (a, b), and the Lorentz indexes (α, β), V ab;αβ;µνgic,gg (p) is
given by
V abc;αβγ;µνgic,ggg (p1, p2, p3) =
igfabc
2
[
2(p2 − p1)
{µgγν}gαβ + p
{µ
1 g
αγgβν} − p
{µ
2 g
βγgαν}
+pβ1g
αµ}gγν} − pα2g
βµ}gγν}
]
,
(27)
where all momenta is incoming.
To evaluate the anomalous dimension for the energy-momentum tensor in Eq. (23) by
the BFM, we have to extract divergences of the Feynman diagrams in Fig. 3(a), (b), (c),
and (d).
First, we consider the quark sector {γgicqq , γ
gic
gq }. It is obvious that Fig. 3(a) does not have
the second and third diagrams of Fig. 2(a). This difference can be easily understand by the
BFM, namely, the background field cannot propagate in loop diagrams in order to keep the
gauge invariance of final results. Taking into account this difference, we can reproduce the
first Chen et al.’s result, γChenqq , namely:
γgicqq = γ
Chen
qq = −
2ng
9
. (28)
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Aphys
Apure Apure ApureApure
(a) (b)
Aphys Aphys
Apure Apure
Aphys
Aphys Aphys
Aphys
Aphys
Apure Apure Apure Apure
Aphys
Aphys
(c) (d)
FIG. 3. One-loop diagrams contributing to the anomalous dimension of the gic-energy-momentum
tensor for quarks and gluons in the BFM: (a) Zgicqq (γ
gic
qq ), (b) Z
gic
gq (γ
gic
qg ), (c) Z
gic
qg (γ
gic
gq ), and
(d) Zgicgg (γ
gic
gg ). The contributions from the field renormalization should be added to (a) and (d).
In addition, the Feynman rule in Eq. (26) is different from the standard rule in Eq. (18) and
hence Fig. 3(c) reproduces the second Chen et al.’s result γChengq as
γgicgq = γ
Chen
gq =
2ng
9
. (29)
Next, we consider the gluonic sector {γgicqg , γ
gic
gg }. It is easy to see that Fig. 3(b) gives
the same divergent structure with that in the standard QCD, because the BFM does not
change the loop structure like vertexes and fermion propagators in the diagrams. Hence, at
first glance, we may conclude the result, γgicqg = γ
Chen
qg = 4nf/3. However, this is not correct
and we encounter the problem at the renormalization of this result in the BFM, namely,
the absence of the counter terms for the external lines in Fig. 3(b). Although we have to
renormalize the theory by the external field Apure according to the BFM, we have no such
a term in the original definition of T µνgic . Consequently, we cannot remove the divergence
and cannot define the anomalous dimension of γgicqg by using the definition in Eq. (23) in the
BFM. Moreover, the same problem appears in the gluon-to-gluon sector, namely, Fig. 3(d)
in computing γgicgg .
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B. An adhoc method to avoid the problems
Here we consider an adhoc method to avoid the problem appeared in the previous sub-
section. One of the reasons why the counter term disappeared is because of the condition
F µνpure = 0. We have already used this condition in deriving the definition of T
µν
gic,g. Hence
we may try to keep this condition nonzero and set it zero at the end of the calculation. In
order to improve the gluonic sector, we go back to the definition of T µνgic in Eq. (23) and keep
F µνpure 6= 0. Then we find that Eq.(23) should be corrected by the new definition:
T µνgic′,g = −Tr
[
F {µα(F ν}pure,α +D
ν}
pureAα,phys)
]
, (30)
where the subscript “gic′ ” stands for the new definition of the gic-energy-momentum tensor.
This new definition does not change the AphysAphys interaction. By using the new definition,
we can recover the gluonic counter term to remove the divergence and it reproduces the
third result of Chen el al.’s anomalous dimension:
γgic
′
qg = γ
Chen
qg =
4
3
nfTR. (31)
To calculate the last piece of the anomalous dimension γgic
′
gg , we have to changes Feynman
rule of AphysAphysApure interaction. The modified Feynman rule is given by
V abc;αβγ;µνgic′,ggg (p1, p2, p3) = igf
abc
[
(p2 − p1)
{µgγν}gαβ +
(
p1 +
p2
2
){µ
gαγgβν} −
(
p2 +
p1
2
){µ
gβγgαν}
+
(
p1 +
p2
2
)β
gαµ}gγν} −
(
p2 +
p1
2
)α
gβµ}gγν}
]
. (32)
This modified Feynman rule with the same symmetric-factor discussed in Eq. (21) lead to
the following result for γgic
′
gg :
γgic
′
qg = −
4
3
nf − 2(3 + ξ), (33)
where this result depends on the gauge parameter. This adhoc method partially works to
recover the gluonic counter terms and to reproduce γgic
′
qg and seems to fail in γ
gic′
gg due to the
additional term.
V. DISCUSSION
First, the naive application of the BFM to the anomalous dimension for the gic-energy-
momentum tensor succeeded to reproduce Chen et al.’s anomalous dimension correctly,
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except for the gluonic sectors. Our results contradicted to Ref. [32]. The author in Ref. [32]
developed own method introducing the projection operator to pick up the physical degree
of freedom for Aphys [33]; the autor’s conclusion was that the gic-energy-momentum tensor
gives the standard results derived by Ref. [16]. However, in generally speaking, the gic-
energy-momentum could give a different result, because the gic definition is different from
the Belinfante definition by the surface term. Our explicit calculations based on the BFM
give the different Feynman-diagrams and Feynman-rules and finally recovered the most
of Chen et al.’s anomalous-dimension matrix. We can remember a good example in the
Belinfante definition to see how a surface term changes physics. As it is known well that
the canonical-energy-momentum tensor derived from Noether’s theorem is not always gauge
invariant, the Belinfante-improved-energy-momentum tensor derived from the canonical-
energy-momentum tensor by adding the surface term is gauge invariant and it gives the
gauge independent results at the one-loop order [16] and even at the two-loop order [40].
Next, we focus on how our results can be different from the standard results and how
Chen et al.’s results are derived from the BFM. First, we consider γgicqq . Comparing Fig. 2(a)
and Fig. 3(a), it is clear that the gic definition in Eq. (23) does not generate the second and
third diagrams in Fig. 2(a), because Eq. (23) does not include the propagating field Aphys
in the BFM. The absence of the propagating field comes from the surface term, namely,
the potential-momentum term. Hence this difference gives our first-result, γgicqq = γ
Chen
qq .
Second, we consider γgicgq derived from Fig. 3(c). Although the related Feynman-diagram is
same between Fig. 3(c) and Fig. 2(c), the related Feynman-rule for AphysAphys interaction is
different to each other. This change also comes from the surface term. Hence this difference
gives our second-result, γgicgq = γ
Chen
gq . Third, on the evaluation γ
gic′
qg , the loop structures of
Fig. 3(b) is same with that of Fig. 2(b) and it seems to give the same divergence. Although
there was no corresponding counter term to remove this divergence in the original definition
in Eq. (23), now we have the counter term thanks to the new definition in Eq. (30). The
absence of this counter term is related to the treatment of F µνpure appeared in the surface term.
If we keep it nonzero, we can keep the suitable counter term to reproduce the anomalous
dimension γgic
′
qg . Hence we can reproduce our third-result, γ
gic′
qg = γ
Chen
qg . Last, we focus
on the anomalous dimension γgic
′
gg in Fig. 3(d) and in particular how it is different from
Fig. 2(d). Although Fig. 3(d) is the same with Fig. 3(d), the Feynman rules in Eqs. (26)
and (32) are different from the standard QCD with the BFM; hence the cancellation of the
16
gauge dependence which works both in the standard method and in the BFM is altered.
Actually, we obtain the gauge-dependent result because of this altered gauge-cancellation.
These results mean that the application of the BFM itself will be consistent with the Chen
et al.’s quark-sector results, however, the adhoc method to improve the gluonic sectors is not
enough to reproduce the gluonic results perfectly. Furthermore, the problem of the gluonic
term is the counter term and it seems to be related to the condition F µνpure = 0. In particular,
the gluon-to-gluon sector, γgic
′
gg , is sensitive to the way how we treat this condition and our
adhoc method lead to the strange result that the “gauge-invariant-canonical” definition gives
the gauge-dependent result. This strange result will be improved, if we can correctly treat
the condition of F µνpure = 0 at the one-loop order within the BFM.
Most importantly, it is not quite obvious whether we can exactly reproduce Chen et al.’s
γgic
′
gg = γ
Chen
gg = −4nf/3 or not; namely, we may obtain a gauge-independent result like the
form γgic
′
gg = −4nf/3 + a with a 6= 0, even after we correctly handle the condition F
µν
pure = 0
at the one-loop order within the BFM by an improved method. This is because that the
calculation of the anomalous dimension for the gic-energy-momentum tensor is not explicitly
checked by a covariant way within the BFM. Therefore, the gauge independence and the
gluonic contribution which is proportional to CG factor in γ
gic
gg are nontrivial. However, if we
obtain the gauge-invariant result like γgic
′
gg = −4nf/3 + a with a 6= 0, then such a solution
of the RGE will give a scale-dependent result for the total energy-momentum tensor and
cannot be a physical result. This is because that the scale independence in the total-
energy-momentum tensor is the consequence of the energy-momentum conservation and it
is achieved by the zero eigenvalue in the anomalous-dimension matrix at the one-loop order;
the zero eigenvalue requires a = 0. Hence we expect that the improved method to handle
the gluonic sectors of the anomalous dimensions will give the result γgic
′
gg = −4nf/3, if the gic
definition is physically correct. In other words, the gic definition of the energy-momentum
tensor is unphysical, if γgic
′
gg 6= −4nf/3 with γ
gic′
ij = γ
Chen
ij for (i, j) 6= (g, g).
In any case, one needs more theoretical developments on the treatment of the gluonic
terms at a higher order with a covariant way within the BFM. One of the possible way is
a method of Lagrange multiplier to handle this condition in the quantum field theory [41]
and we will discuss it in the future publication.
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VI. CONCLUSION
We have studied the anomalous-dimension matrix for the gauge-invariant-canonical def-
inition of the energy-momentum tensor by the background field method. The analysis re-
produced Chen et al.’s anomalous-dimension matrix except for the gluonic sectors and the
reason why we could not derive the gluonic sectors is the absence of the gluonic counter term;
namely, the naive gic-definition has the inconsistency in the renormalization in the BFM.
This inconsistency comes from the condition F µνpure = 0, that is, how we treat this condition
in the whole calculation. Then we considered an adhoc method to overcome this problem by
keeping F µνpure nonzero by the end of the all calculation and the anomalous dimension γ
Chen
qg
in Chen et al.’s result was correctly derived; however, γChengg was not derived and the gauge
dependence remains in the final result. This means that we could reproduce three-quarter
of Chen et al.’s results, γChenqq , γ
Chen
gq , and γ
Chen
qg by the BFM.
The current results in the attempt to derive the anomalous dimensions of the gic-energy-
momentum tensor by the BFM implies that we have to develop a method to handle the
condition F µνpure = 0 correctly without losing the renormalizability in the BFM. A possible
way will be to introduce a Lagrange multiplier to this condition. In particular, the explicit
path integral formalism will be necessary to achieve this purpose. Furtheremore, we pointed
out two checkpoints to test the validity of the gic-energy-momentum tensor; that is, gauge-
invariant results for all matrix element of the anomalous dimension and the zero eigenvalue.
Although we focused on the renormalization group equation and the anomalous dimension
of the gic-energy-momentum tensor, this application of the BFM to the gic decomposition
of the total-angular-momentum tensors for the quark and gluon should be considered in the
future, because the anomalous dimensions of the total-angular-momentum tensor is related
to those of the energy-momentum tensor [42]. Therefore the complete treatment of the gic
and gik decomposition of the energy-momentum tensor based on the BFM is important and
it is necessary to check its consistency in the renormalization of the gluonic term at a higher
order.
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